For an n-dimensional simplex in the Euclidean space E n , we establish some generalized Finsler-Hadwiger inequalities. By using these inequalities, generalizations of some well-known important inequalities for simplices are obtained. MSC: 51M20; 52A40
Introduction
Let ABC be a triangle (in the Euclidean plane) of area S and sides a, b, c. The following inequality [, ] is well known:
Equality holds iff this triangle is regular.
Let n be an n-dimensional simplex (in the n-dimensional Euclidean space E n ) of vol- Equality holds iff n is regular.
In this paper, we will discuss problem for generalized Finsler-Hadwiger type inequalities for k-dimensional face areas and the volume of an n-simplex, and establish generalized Finsler-Hadwiger type inequalities for an n-simplex. From these inequalities, generalizations of some inequalities for an n-simplex are obtained.
Main results
Let R and r be the circumradius and the inradius of the simplex n , respectively. Let V  denote the volume of the n-dimensional regular simplex with circumradius R. For k = , , . . . , n -, we put μ n,k = n+ k+ = (n+)! (k+)!(n-k)! . Let V i (k) (i = , , . . . , μ n,k ) denote the k-dimensional volumes of the k-dimensional subsimplices of n . Our main results are the following theorems.
Equality holds iff n is regular.
Notice From the inequality R ≥ nr and Lemma , we have
R nr
≥  and
tively. Further, according to the conditions of equalities hold, we now consider a class of n-simplices ϕ inscribed in an (n -)-dimensional sphere of radius R (where R is constant number). If the radius r of an n-simplex in ϕ is sufficiently small, then R nr is large enough. Similarly, if the volume V of an n-simplex in ϕ is sufficiently small, then
is sufficiently large.
Take λ = n +  -k, from Theorem  or Theorem  we derive an inequality for a simplex as follows.
Corollary  Let n be an n-simplex and real number
By taking k =  and α =  in the inequality (.) we can obtain the inequality (.). Take k = n - and α =  in the inequality (.) we can obtain the inequality (.).
Take k = , α =  and λ = n in Theorem  and Theorem , we get generalizations of the inequality (.) as follows.
Corollary  For an n-simplex n , we have
Take k = n -, α = , and λ =  in Theorem  and Theorem ; we get generalizations of the inequality (.) as follows.
Corollary  Let n be an n-simplex. Then we have
To prove the above theorems, we need some lemmas as follows.
with equality iff n is regular.
Lemma  [, ] Let n be an n-simplex with edge lengths a ij
Lemma  [, ] Let n be an n-simplex and natural number k
Proof Let P be an interior point of n and d i the distance from the point P to the ith face f i of n for i = , , . . . , n. Obviously, we have
Using the arithmetic-geometric means inequality we get
We now take the point P is the incenter of n , then d i = r for i = , , . . . , n. Thus from (.) we can obtain the inequality (.). It is easy to see that equality holds in (.) iff n is regular.
Lemma  For an n-simplex n and k = , , . . . , n -, we have
Proof We have the well-known inequality [, , ]
Equality holds iff n is regular. Using (.) and (.) we get
From (.) and (.) we have
Thus, inequality (.) is valid for k = n -. We now prove that inequality (.) is valid for  ≤ k < n -. Substituting (.) into (.) we can obtain inequality (.). So the inequality (.) is valid for  ≤ k < n -. It is easy to see that equality holds in (.) iff n is regular. By Lemma  we have
Substituting (.) into the right of (.) we get
From (.) and (.) we have
Thus the equality (.) is valid for k = n -. Now we prove that inequality (.) is valid for  ≤ k < n -. Substituting (.) into the right of (.) we can obtain inequality (.). So the inequality (.) is valid for  ≤ k < n -. It is easy to see that equality holds in (.) iff n is regular.
Lemma  [, ] Let n be an n-simplex and real number
Proof of Theorem  and Theorem  The inequality (.) can be written as
Now we prove that the inequality (.) is valid. Let p(k, α, δ) denote the left of the inequality (.). Then
On the other hand, we easily get
(  .   )
Equality holds iff the simplex
Using the arithmetic-geometric means inequality, (.), and (.) we get
By the arithmetic-geometric means inequality, and by (.), we get
From (.), (.), and (.) we get
Thus the equality (.) is valid. It is easy to prove that the equality holds iff n is regular.
Similarly, we can prove that (.) is true by the same method.
Some applications
Geometric inequalities for simplices which are the simplest and useful polytopes have been a very attractive subject for a long time. Mitrinović, Pečarić, Volenec, Zhang and Yang and other authors have obtained a great number of elegant results (see [] ). Specially, we mention the well-known Euler inequality for a simplex, inequalities for the width of a simplex, and inequalities related the interior point of a simplex. In this section we shall improve these inequalities by using the results in the above section.
LF Tóth extended the Euler inequality R ≥ r for a triangle to an n-dimensional simplex and obtained the Euler inequality for an n-simplex as follows [, ]:
Equality holds iff n is regular. Let O and I denote the circumcenter and the incenter of an n-simplex n , respectively. Let G be the barycenter of n . Klamkin [, ] and Yang and Wang obtained the following generalizations of (.):
Equality holds iff n is regular. We shall use these results in the above section to study related inequalities, and we obtain a strengthened Euler inequality as follows.
Theorem  For an n-simplex n and k = , , . . . , n -, we have
(.)
Equality holds iff n is regular.
If take k =  and k = n - in (.) and (.), we get two corollaries as follows.
Corollary  For an n-simplex n and k = , , . . . , n -, we have
Corollary  For an n-simplex n and k = , , . . . , n -, we have
Proof of Theorem  If take α =  and λ = n +  -k in (.) and (.), we obtain
We use the well-known equality [, ]
and the well-known inequality [, ]
Equality holds iff n is regular. When k = , then (.) is the identity. By (.) and (.) we get
We use the well-known inequality in []
with equality iff n is regular. From (.), (.), and (.) we can obtain (.). By (.), (.), and (.) we can obtain (.). It is easy to see that equality holds in (.) or (.) iff n is regular.
Let ω be the width of n . We put
In , Alexander [, ] proved Sallee's conjecture and obtained the inequality
Equality holds iff n is regular. In , Yang and Zhang [, ] improved (.) and established an inequality as follows:
with equality iff n is regular. In this section, we shall give generalizations of the equalities (.) and (.) by using (.) and (.) in the above section.
Theorem  For an n-simplex n and k = , , . . . , n -, we have
Proof We use the well-known inequality in [] as follows:
Equality holds iff n is regular. The above inequality can be written as
By (.) and (.) we can get (.), and from (.) and (.) we can get (.).
Substituting (.) into (.) and (.) we obtain generalizations of the inequality (.) as follows.
Corollary  For an n-simplex n and k = , , . . . , n -, we have
For i = , , . . . , n, let h i be the altitude of the ith face of the simplex n . The following inequality is well known (see [] ):
By using the results in Section  we can obtain generalizations of the inequality (.)
as follows.
Theorem  For an n-simplex n and k = , , . . . , n -, we have
Proof We take k = n - in (.) and (.), and get
Using the formula
(see [] ) and (.) we get
By Theorem  we get
We use the well-known inequality in [, ] as follows:
with equality holding iff n is regular. From (.) and (.) we can obtain (.). It is easy to see that equality holds iff n is regular.
By a similar method we can prove that inequality (.) is also valid.
Let P be an interior point of n and d i the distance from the point P to the ith face f i of
, Gerber established the following inequality:
For any natural number m > , Leng and Ma [] obtained an inequality as follows:
Equalities hold in (.) and (.) iff n is regular and P is the center of n . By using the results in the Section  we can obtain generalizations of (.) and (.) as follows.
Theorem  For an n-simplex n , we have 
